We construct an additive isomorphism between the twisted K-theory of a compact Lie group G, equivariant for its own conjugation action, and the "Verlinde space" of isomorphism classes of projective, irreducible lowest-weight representations of the loop group of G and its twisted versions. The K-classes are constructed as families of Dirac operators, acting on loop group representations. Also discussed is an energy-equivariant version of the theorem, as well as the relation to the semi-infinite cohomology of [FF].
Introduction
This paper gives a precise statement and proof of the additive equality of the twisted K-theory of a compact group G, equivariant for its own conjugation action, with the K-theory of the category of graded, projective, positive energy representations of its loop groups. The reader should be cautioned that this article is economical in exposition and terse in argumentation. This fault is somewhat redeemed by the companion paper [FHT2] , which overlaps greatly with the present one in the construction of K-classes from Dirac families, but gives an easier proof in the special case of connected groups with free π 1 , supplies more expository material-for instance, on twisted K-theory and gradings-and elaborates on details that only get a brief mention here.
We prove the additive theorem in its most general form. Not discussed is the product structure (the fusion ring and 2D topological field theory), which will be covered in a sequel to this paper. We also omit any reference to the Chern-Simons (3D TFT) structure, whose relation to twisted K-theory is, at present, not understood.
The main novelty in this paper, versus the announcements [F1] , [F2] , is the construction of the K-theory class as a Fredholm family, along lines first suggested by G. Segal [S1] . His proposed construction differed outwardly from ours, but we believe that pursuing it in detail would have led to the same outcome. We relied instead on calculations of Kostant [K1] and Landweber [L] , although many relevant formulae were independently known in the physics literature, and indeed our Fredholm family, which is a gauge-coupled Dirac-Ramond operator, was recently flagged, in relation to (non-equivariant) twisted K-theory, by Mickelsson [M] . We would like to take this opportunity to thank the several people whose comments and interest in the problem have contributed to the project.
I Statements
(1.1) The single most important special case of our theorem concerns a simple, simply connected compact Lie group G. The smooth loop group LG admits non-trivial central extensions by the circle group T, parametrised by their levels, the Chern classes c 1 ∈ H 2 (LG) = Z. All these extensions are equivariant under loop rotation. Among the representations of LG with fixed projective cocycle c 1 = k are those of positive energy: they are those which admit an intertwining action of the loop rotation group, which is diagonalisable, with spectrum bounded below. These representations are unitarisable, and their category is semi-simple, with finitely many irreducibles up to isomorphism [PS] . The free abelian group on irreducible isomorphism classes is called the Verlinde ring of G at level k. We denote it by k R LG , by analogy with the representation ring R G of a compact group.
Theorem 1. If k + h ∨ > 0, k R LG is isomorphic to the twisted K-theory k+h
Here, G acts on itself by conjugation, h ∨ is the dual Coxeter number of G and k + h ∨ is viewed as a twisting class, in H 3 G (G) ∼ = Z, for equivariant K-theory (see §4). The ring structure on K-theory is the convolution (Pontryagin) product; on representations, it is the fusion product, which we will not discuss here. The ring isomorphism is established by realising both sides as quotients of the representation ring R G , via holomorphic induction on the loop group side, and via the Thom push-forward from the identity in G, on the K side.
(1.2) For a general compact Lie group, the isomorphism between the two sides and the relation between the level and the twisting cannot be described so concisely. This is due to the presence of torsion in the group H 3 of twistings, to an additional type of twisting, related to gradings of the loop group and classified by H 1 G (G; Z/2), and to the fact that the two sides need not 1 be quotients of R G . For a construction of the map via correspondences induced by conjugacy classes, and for more expository background, we refer the reader to [F2] . Ignoring these difficulties for a moment, there still arises a natural isomorphism between the twisted equivariant K-groups of G and those of the category of positive energy representations at a shifted level, provided that:
(i) we use Z/2-graded representations; (ii) we choose a central extension of LG which is equivariant under loop rotation; (iii) the defining cocycle of the extension satisfies a positivity condition.
(1.4) Untwisted loop groups. 2 Let G be any compact Lie group and assume given a T-central extension τ LG of its loop group. An Ad-invariant, positive L 2 pairing b on Lg defines the Z/2-graded Clifford algebra 3 Cliff(Lg * ), generated by odd elements ψ(µ) (µ ∈ Lg * ), with relations ψ(µ) 2 = µ 2 := b(µ, µ). It carries a co-adjoint action of LG, and we are interested in certain complex, graded, (τ , b)-projective representations of the graded super-group LG s := LG ⋉ ψ(Lg * ). We allow LG to carry a grading, or homomorphisms to Z/2; this is classified by an element of H 1 G (G 1 ; Z/2), and is notationally incorporated into the twisting τ . A τ -representation of LG is a representation of τ LG on which the central circle acts naturally, while a b-projective representation of the odd vector space ψ(Lg * ) is a module for Cliff(Lg * ). Thus, we are considering τ -projective, LG-equivariant, graded Cliff(Lg * )-modules. In our case, the regularity restriction ( §1.6) we shall place on τ and the admissibility condition ( §1.9) on representations will ensure the semi-simplicity of this category.
A super-symmetry of a graded representation is an odd automorphism squaring to 1. Define the equivariant K 0 of a point as the free Z-module of graded representations, modulo supersymmetric ones, and K 1 as that of representations with a super-symmetry, modulo those carrying a second super-symmetry skew-commuting with the first. (See Appendix A of [FHT1] , and compare with [Bl] for the definition of K-theory for graded C * -algebras). Denote the resulting K-groups by τ R *
LG s . The following is a concise, if still slightly obscure formulation of our main result. (See Theorem 3 below for the more concrete version).
Theorem 2. For regular τ , there is a natural isomorphism of abelian groups τ R *
LG s ∼ = τ K * G (G) , wherein K-classes arise by coupling the Dirac operator family of Chapter V to admissible LG s -modules.
1.5 Remark. (i) Both sides are R G -modules, and the isomorphism preserves this structure. The R G -action on representations is a version of fusion, and its definition is a bit involved. For suitable twistings (related to transgressions from BG), both sides also carry compatible Frobenius ring structures. We will discuss these matters in a follow-up paper.
(ii) Admissible representations are easiest to describe in the algebraic approach, using the Laurent polynomial loop algebra L ′ g: they are finite-multiplicity sums of integrable, lowest-weight representations of L ′ g ⋉ Cliff(L ′ g * ). However, the Dirac construction of K-classes involves the smooth loop group and its unitary representations, so we must take an analytic point of view.
(1.6) Regular twistings. There is a topological and an analytical component to regularity. Topologically, the central extension τ LG has a characteristic class 4 , or level, [τ ] ∈ H 3 G (G 1 ), deduced from the connecting homomorphism H 2
LG (T) → H 3
LG (Z) in the exponential sequence; the second group is H 3 (BLG; Z) ∼ = H 3 G (G 1 (T) . Topologically, we ask that the first summand should define a regular (non-degenerate) bilinear form on H 1 (T) . (The second component vanishes). It turns out that [τ ] determines the extension completely when g is semi-simple (1.8.i).
; Z). Restriction to a maximal torus T ⊂ G gives a class in
Analytic regularity concerns a part of the central extension not visible to the topological level; it ensures that nothing too interesting happens over the centre z ⊂ g. The two conditions are emphasised below. Split Lz into the constants z and the b-complement V, and observe that LG is the semi-direct product of the normal subgroup exp(V) by the subgroup Γ of loops γ for which the central projection of dγ · γ −1 is constant. Because the action of Γ on V factors through the finite group π 0 G, invariant central extensions of V have a preferred continuation to LG. We ask that our τ should be the sum of an extension of Γ and a Heisenberg extension of exp(V). Moreover, we will need to tame the Heisenberg cocycle for the constructions in Ch. V. It turns out (1.8.i) that we lose no generality by imposing our constraint on the entire Lie algebra. After a choice of linear splitting, the extension
is described by a cocycle ω : Λ 2 Lg → iR. We ask that ω(ξ, η) = b(Sξ, η), for some skew-adjoint Fredholm operator iS on Lg. A typical example is the unbounded operator id/dt; so we really ask that S/(1 + √ S * S) should be Fredholm.
Remark. (i)
For each simple summand in g, the extension is a multiple of the basic one ( §7.1; also [PS] , Ch. 14), and S is a multiple of the energy E = −id/dt (plus an inner derivation). The same applies to the centre Lz, if we require Diff(S 1 )-equivariance ( [PS] , Ch. 8); and in that case, analytic regularity is ensured by the topological condition.
(ii) S must vanish on z, as the latter exponentiates to a torus, over which the extension must be trivial. Our Heisenberg condition allows ker S ∩ Lz to be no larger. In fact, regularity implies that ker S is the Lie algebra of a full-rank compact subgroup of LG. The subgroup depends on the choice of a linear splitting of (1.7).
(iii) Γ must commute with Lz for extensions that are equivariant under loop rotation (as in §1.14). The constraint that is truly needed, for the classification of representations in §9, is much weaker. Conjugation by a γ ∈ Γ changes the splitting of (1.7) over Lz by a linear map V → iR. We ask that this should be continuous enough to take the form η → b(Sξ, η), for some ξ ∈ V (depending on γ). If so, the alternate lifting of Γ in L f G, which replaces γ by e −ξ γ, preserves the splitting of 1.7 and expresses τ L f G as a semi-direct product of τ exp(V) by a central extension of Γ. (The new Γ-extension may differ from the original, but the topological levels agree).
(1.9) Admissible representations. The semi-positive spectral projection of S defines a sub-algebra P ⊂ Lg C of the complexified loop algebra, isotropic for the cocycle ω; we call this the positive polarisation. The strictly positive part U ⊂ P is an ideal, and ker S ⊗ C is isomorphic to P/U. A τ -representation of Lg is of lowest weight if it is generated by an irreducible representation of ker S, which is killed by U. This condition depends on S, hence on a linear splitting of (1.7); but it turns out that, if we require integrability of the representation to the identity component of the loop group ( §7.5), lowest-weight representations are irreducible, unitarisable, and their Hilbert space completions are largely independent of the splitting. Moreover, their isomorphism classes are discretely parameterised by a collection of (affine) weights of T ( §9). A projective representation of LG is called admissible if it decomposes as a finite-multiplicity sum of (Hilbert space completed) lowest-weight representations of the Lie algebra. Under the topological regularity condition, any (Hilbert space completed) integrable, lowest-weight representation of Lg induces an admissible one of LG. Moreover, at fixed level, there are finitely many irreducibles, up to isomorphism.
There is a similar notion of lowest-weight and admissibility for Cliff(Lg * )-modules, using the same polarisation. (Note that U ⊂ Lg C is b-isotropic). As in the finite-dimensional case, there are one, resp. two isomorphism classes of lowest-weight representations, depending on whether dim g is even or odd; and they are irreducible. The numbers are switched if we ask for graded representations. 5 The graded K-theory of Cliff(Lg * ), defined as in §1.4, is Z, in degrees dim G (mod 2).
(1.10) Twisted loop groups. There are twisted counterparts of these notions and of Theorem 2. For any f ∈ G, the twisted loop group L f G of smooth maps γ : R → G satisfying γ(t + 2π) = f γ(t) f −1 depends, up to isomorphism, only on the conjugacy class in π 0 G of the component of f . Let [ f G 1 ] ⊂ G denote the union of conjugates of the component containing f . The topological side 5 The two irreducibles in the even case differ by a switch in the grading.
of the theorem is
Analytic regularity applies now to L f z z f , and the topological one to the class in H 3 T ( f T); see §5.6.
(1.11) Removing the spinors. A choice of a graded lowest-weight spin module S for Cliff(L f g * ), with respect to the same polarisation P, gives a Morita isomorphism 
The group L f G may well acquire a grading from its action on spinors, even if none was present in τ ; in this case, the representation modules τ −σ R L f G pertain to graded representations ( §1.4).
(1.13) The proof of the theorems may be a bit disappointing: we compute both sides in Thm. 3 and arrive at the same answer. More precisely, we compute the twisted K-theory by reduction to the torus and the Weyl group, and produce an answer in the form of the (twisted) K-theory of the regular affine weights at level τ , equivariant under the extended affine Weyl group of L f G. This matches the known classification of irreducible, integrable lowest-weight representations ( [PS] , Ch. 9); but, since we could not find any reference for the fully general statement, we recall in §9 how this follows from the well-known cases of simple and abelian groups. There are two redeeming features here. First, we have a map from representations to Kclasses using Dirac operator families, which ties in beautifully with Kirillov's orbit method. Second is the relation with semi-infinite cohomology ( §13), for which we give a topological model (13.11): for integrable representations, the Euler characteristic of semi-infinite Ln-cohomology becomes the restriction from G to T, on the K-theory side. While this is easy to check by computing both sides, our Dirac family gives a more natural proof, providing the same rigid model for both operations. Amusingly, we were familiar with this relation from the beginning, before we learnt to use the Dirac operator to link topology with representations.
(1.14) Positive energy representations. Finally, the relation with the positive energy condition of §1.1 is the following. The natural choice for S is the derivative 6 −id/dt; P is then spanned by the semi-positive Fourier modes in Lg C . In that case, lowest weight representations of Lg carry a bounded-below energy operator, unique up to additive normalisation. If the restriction to
is symmetric, loop rotations lift 7 to the centrally extended group τ LG (condition 1.2.ii); moreover, if [τ ] is positive definite, the energy exponentiates, on admissible representations, to a finite-multiplicity circle action with spectrum bounded below. 8 In this favourable situation, there is an energy-equivariant version of our theorems. The representation side is now constructed form the admissible projective representations of the semi-direct product T ⋉ τ LG s . The topological side involves a rotation-equivariant refinement of the Ad-action of G on itself; the requisite object is the quotient stack of the space A of g-valued connections on the circle by the semi-direct product T ⋉ LG, the loop group acting by gauge transformations and the circle by loop rotation. We denote its twisted K-theory (defined in Appendix C) by τ K T (G : G) . The T-action makes it into an R T -module; its fibre over 1 is the quotient by the augmentation ideal of R T . (G) .
The mildly awkward formulation of the last part has the virtue of being canonical; there is no truly natural isomorphism of
II Two examples
We discuss two examples related to the construction of the Dirac operators in §10 and §12, which illustrate the map from representations to K-theory classes. The first concerns the group LT of loops in a torus; the second is a finite-dimensional analogue of our construction, which leads to an interpretation of our theorem as an infinite-dimensional Thom isomorphism.
Spectral flow over a torus
(2.1) Recall the archetypal spectral flow over the unit circle [APS] . Let D / := d/dθ be the onedimensional Dirac operator on the complex Hilbert space H := L 2 (S 1 ; C), acting as in on the Fourier mode exp(int). For any ξ ∈ R, the modified operator D / ξ := D / + iξ has the same eigenvectors, but with shifted eigenvalues i(n + ξ). Let M : H → H be the operator of multiplication by exp(iθ).
shows that the family D / ξ , parametrised by ξ ∈ R, descends to a family of operators on the Hilbert bundle R × Z H over R/Z (the action of Z on H being generated by M).
Following the spectral decompositions of D / ξ around the circle, we find that one eigenvector crosses over from the negative to the positive imaginary spectrum as exp(2πiξ) passes through 1 ∈ S 1 . Thus, the dimension of the positive spectral projection, although infinite, changes by 1 as we travel around the circle. This property of the family D / ξ is invariant under continuous deformations, and captures the following topological invariant. Recall [ASi] that the interesting component 9 of the space Fred sa of skew-adjoint Fredholm operators on H has the homotopy type of the small unitary group U(∞); in particular, π 1 Fred sa = Z. Our Hilbert bundle on R/Z can be trivialised, uniquely up to homotopy (by weak contractibility of the big unitary group); so our family defines a map from the circle to Fred sa , up to homotopy. This map detects a generator of π 1 Fred sa .
(2.2) Extending this construction to a torus T requires a bit more structure. Let t be the Lie algebra of T and Π := π 1 T. A metric on t defines a Clifford algebra Cliff(t * ), generated by the dual t * of t. Denote by ψ(v) the Clifford action of v ∈ t * on a complex, graded, irreducible module S(t) = S + (t) ⊕ S − (t) [ABS] . Let H ± = L 2 (T) ⊗ S ± (t), and let D / be the Dirac operator on
descends to a family of operators on the Hilbert bundle t × Π H over T. (Elements p ∈ Π acts on t by translation and on H via M p ). As before, contractibility of the unitary group leads to a continuous T-family of Fredholm operators. When dim T is odd, we can use the skew-adjoint 9 The components of essentially positive and essentially negative Fredholm operators are contractible volume form γ : S − → S + to convert D / ξ to a skew-adjoint family γ · D / ξ on H + . (Note that γ commutes with the ψ). Thus, in every case, we define a class in K dim T (T) .
Remark.
There is a more natural Dirac family over the dual torus T * := t * /Π * , representing the volume form in K dim T (T * ); its pull-back under the map T → T * induced by β is our D / ξ .
(2.4)
There is more to this family than meets the eye. Namely, β defines a central extension τ Γ of the product Γ := Π × T by the circle group T, via the commutation relation ptp −1 = t · t β(p) : we view t β(p) as a T-valued phase. Now, τ Γ has a unitary representation on L 2 (T; C) (hence on H), by translations and by the multiplication operators t β(p) . If β has full rank, L 2 (T; C) splits into a finite sum of τ Γ-representations F [λ] , labelled by residue classes [λ] ∈ Π * /β(Π) of characters of T. Any β-projective representation of Γ is isomorphic to a sum of the F [λ] . Each subspace F [λ] ⊗ S is preserved by D / ξ , and leads to a spectral flow family over T. These operators are invertible, except at the single value exp(β −1 [λ]) ∈ T of the parameter.
All families F [λ] ⊗ S have the same image in K dim T (T) , but this problem is remedied by the following re-interpretation, which remembers the T-action. Instead of viewing the D / ξ as families parametrised by T, we regard them as τ Γ-equivariant Fredholm families parametrised by t. Now, t is a principal Γ-bundle over the torus T, equivariant for the trivial action of T on both; and the central extension τ Γ defines a twisting for the T-equivariant K-theory of T (see §4, or [F2, BCM 2 S]). Classes in τ K 0 T (T) are then described by Γ-equivariant families of Fredholm operators, parametrised by t, on τ -projective unitary representations of Γ; twisted K 1 -classes are represented by skew-adjoint families. Thus, our families D / ξ :
. A special case of our main theorem asserts, when β is regular, that these elements form a Z-basis of the twisted K-group in dimension dim T (mod 2), whereas the other K-group vanishes.
Remark. The inverse map, from
However, the only honest definition we know for this last group requires the use of C * -algebras. 
(T).
The present paper extends this construction, and proves the resulting correspondence between admissible LG-representations and twisted K classes, for an arbitrary compact group G. Observe, by factoring out the space of based loops, that τ Γ-equivariant objects over t are in natural correspondence to τ LT-equivariant ones over the space Ω 1 (S 1 ; t) of t-valued connection forms on the circle, for the gauge action; and it is in this form that our construction of the Dirac spectral flow generalises. The artificial removal of the Fock factor F has no counterpart for non-abelian groups, but is in fact unnecessary. It can be accomplished by coupling the Dirac operator to the spinors on Lt/t, and this does generalise, as we shall see in §12.
A finite-dimensional analogue
We now describe a finite-dimensional analogue of our geometric construction of twisted Kclasses from loop group representations, in Ch. V. To simplify the notation, we take G to be simple and simply connected (referring the reader to [FHT2] for the general case, and apologising to seasoned readers for this overlap between the papers). Choosing a dominant Weyl chamber in t defines the nilpotent algebra n spanned by positive root vectors, the highest root θ and the Weyl vector ρ (half-sum of the positive roots). The basic invariant inner product | on g is normalised so that the long roots have square-length 2. Define the structure constants f c ab by [ξ a , ξ b ] = f c ab ξ c , in an orthonormal basis {ξ a } of g. (We use the Einstein summation convention, but will also use the metric to raise or lower indexes as necessary, when no conflict arises). Note that f a bc f c ad = 2h ∨ δ bd . Let Cliff(g * ) be the Clifford algebra generated by elements ψ a dual to the basis ξ a , with anti-commutation relations ψ a ψ b + ψ b ψ a = 2δ ab , and let S = S + ⊕ S − be one of its graded, irreducible complex modules. There is a unique action of g on S compatible with the adjoint action on Cliff(g * ); the action of ξ a can be expressed in terms of Clifford generators as follows:
It follows from the Weyl character formula that S is a sum of 2 ⌈dim t⌉/2 copies of the irreducible representation V −ρ of g of lowest weight (−ρ); its lowest weight space is a graded, complex Cliff(t * )-module (necessarily irreducible, for dimensional reasons).
(3.1) Having trivialised the Clifford and Spinor bundles over G by left translation, consider the following Dirac operator on spinors (called by Kostant [K1] the "cubic Dirac operator"):
where R a denotes the right translation action of ξ a on functions. Let also T a = R a + σ a be the total right translation action of ξ a on C ∞ (G; S).
Proof. The second identity expresses the right-invariance of the operator, while the first one follows by direct computation:
where the sum ranges over the dominant weights λ of g. Left translation acts on the left, R a on the middle and σ a on the right factor. Hence, D / acts on the two right factors alone. As a consequence of (3.3), the Dirac Laplacian D / 2 commutes with the T and the ψ. As the latter generate V −λ ⊗ S from its lowest, −(λ + ρ)-weight space, D / 2 is determined from its action on that subspace. To understand this action, rewrite D / in a root basis of g, 5) where the j's label a basis of t and α ranges over the positive roots. The commutation relation [σ −α , ψ α ] = ψ(−2iρ), where summation over α has been implied, converts (3.5) to
and from the vanishing of all α-terms on the lowest weight space we obtain the following.
We now consider the family D / µ := D / + iψ(µ), parametrised by µ ∈ g * . Conjugation by a suitable group element brings µ into the dominant chamber of t * . Corresponding to (3.6), we then have the following relations, where T|µ represents the contraction of T ∈ g * ⊗ End (V ⊗ S) with µ, in the basic bilinear form (the calculation is left to the reader).
Corollary.
(3.9) Because i T|µ ≤ λ + ρ|µ , with equality only on the −(λ + ρ)-weight space, it follows that D / µ is invertible on V −λ ⊗ S, except when µ is in the co-adjoint orbit O of (λ + ρ). In that case, the kernel at µ ∈ g * is that very weight space, with respect to the Cartan sub-algebra t µ and dominant chamber defined by the regular element µ. The space in question is the lowest-weight line of V −λ tensored with the lowest-weight space of S, and is an irreducible module for the Clifford algebra generated by the normal space t * µ to O at µ. More precisely, the kernels over O assemble to the normal spinor bundle to O ⊂ g * , twisted by the natural line bundle O(−λ − ρ). Finally, at a nearby point µ + ν, with ν ∈ t * µ , D / µ+ν acts on ker(D / µ ) as iψ(ν).
(3.10) This construction admits the following topological interpretation. The family of operators D / µ on V −λ ⊗ S defines a compactly supported K-theory class on g * , equivariant for the co-adjoint action of G. As before, when dim g is odd, we use the volume form to produce a skew-adjoint family γD / µ , hence a class in K 1 . Our computation of the kernel identifies this class with the Thom push-forward of the natural line bundle O(−λ − ρ), from O to g * . Sending V −λ to this class defines a linear map
There is another way to identify this map. We can deform D / µ continuously to iψ(µ), via the (compactly supported Fredholm) family ε · D / + iψ(µ). The result is the standard model for the Thom push-forward of V −λ , from the origin to g * . Therefore, our construction is an alternative rigid implementation of the Thom isomorphism K 0
The inverse isomorphism is the push-forward from g * to a point. In view of our discussion, this expresses V −λ as the Dirac index of O(−λ − ρ) over O, leading to the Dirac index version of the Borel-Weil-Bott theorem. The affine analogue of the Thom isomorphism (3.11) is Main Theorem 3, equating the module of admissible projective representations with a twisted K G (G) .
(3.12) Application: Dirac induction. For later use in §6, we record the following proposition, which, combined with the Thom isomorphisms and the resulting twists, gives a version of Dirac induction for any compact group G. Let N ⊂ G be the normaliser of T (see Appendix A for more discussion).
Proposition. The composition K
where the second map is Thom pushforward followed by Dirac induction from N to G, is the identity.
Proof. Constructing the maps requires us to re-express the middle term as
, with the conjugation action of N on t * and the left action of G on the resulting space. The map from G × N t * to g * is the conjugation action, and we are pushing forward along that. The last map is a diffeomorphism over regular conjugacy classes, and our Dirac construction expresses every class in K * G (g * ) as a cocycle supported on a regular orbit; a fortiori, our composition is the identity on those, hence on the entire K-group. ♠
III Computation of the twisted K G (G)
In this chapter, we sketch a topological computation of the twisted K-theory τ K * G (G) , for arbitrary compact Lie groups G and regular twistings τ ( §1.6, also §5.6 below). Regularity will ensure that the K-theory is free, of finite rank over Z. The computation proceeds by reduction to the maximal torus, the key step here being Proposition (6.4). The answer takes the form of a twisted K-theory of the set of regular τ -affine weights of the maximal torus, equivariant under an action, determined by τ , of the extended affine Weyl group §6.8).
Generalities on twistings and a key lemma
(4.1) Twistings. For a more detailed discussion of foundational questions, we refer the reader to [A2, BCM 2 S, F2, FHT2] , and the upcoming [AS] . Suffices to say here that we shall use two models interchangeably, the second being a concrete instance of the first. In the first model, a twisting over a space X is a T-central extension of a groupoid X 1 ⇉ X 0 , armed with a topological equivalence 10 with X. (A morphism of groupoids is a topological equivalence if it induces, over any topological space, a stalk-wise equivalence of the groupoids of sheaves of maps into it). An example is a principal bundle over X, and a central extension of the structure group. More generally, the space of objects X 0 can be a fibre bundle over X, and the space X 1 of morphisms the fibre square X 0 × X X 0 ; a central extension is then a circle bundle over X 1 , carrying a compatible multiplication. An isomorphism of twistings is an equivalence of such extended groupoids, lifting the identity map over X. When X carries the action of a group G, equivariant twistings refer to the groupoid G × X ⇉ X.
A different type of twisting, also called grading, comes from a grading of our groupoid, a homomorphism to the group {±1}. An example is the deck-transformation on a double cover of X, with the obvious map to {±1}. Modulo isomorphism, twistings form an abelian group, which is the extension of H 1 (X; Z/2) by H 3 (X; Z − ), with cocycle given by the Bockstein of the cup-product. The H 1 -component comes from the grading alone, whereas the H 3 class is read off the T-central extension after forgetting the grading. We will usually incorporate the grading notationally into the twisting.
(4.2) Twisted K-classes.
A twisted K 0 -class is represented by a Fredholm complex [S2] over the centrally extended groupoid, on which the central circle acts by the natural representation. We can limit ourselves to 2-term complexes of Hilbert bundles. The equivalence relation on K-classes is generated by homotopy and stabilisation. A K 1 -class can be represented by an endomorphism of a Fredholm complex of the form Id + compact; but we shall prefer the model of self-adjoint Fredholm complexes (which requires the use of Hilbert bundles). In the presence of a grading, our Hilbert bundles must be compatibly graded, and the Fredholm endomorphism is required to be odd. An isomorphism of twistings induces an isomorphism of twisted K-groups.
For example, the groupoid of connections and gauge transformations on a principal Gbundle over the circle is equivalent to that of the adjoint action of G on itself; hence every central extension of the gauge group defines a G-equivariant twisting over G, and a grading of the gauge group defines one for K-theory. An invariant family of Fredholm operators between projective unitary (graded) representations of the gauge group defines a twisted K 0 -class, while a self-adjoint Fredholm endomorphism defines a K 1 -class.
(4.3) Projective bundles.
In the more restrictive model, we use projective Hilbert bundles 11 to define the twistings, equivariant, if so needed. A morphism of twistings is induced by an embedding of projective bundles. The advantage is furnished by the connection with C * -algebras, whose K-theory is well-developed: we can define the twisted K-theory of X as that of the algebra of sections of compact endomorphisms of the projective bundle. An embedding of bundles defines a Morita correspondence between projectives.
To a projective bundle one associates a groupoid from the action of the unitary group on the projective frame bundle. In the other direction, a reduction of groupoid-twisting to a projective bundle is provided by any Hilbert bundle over the centrally extended groupoid, on which the central circle acts naturally. The existence of such bundles, for any topological level in H 3 G (X), can be established in general for compact Lie group actions on Hausdorff spaces (see Appendix C, and also [LTX] for a recent treatment); but, as we shall be concerned with twistings that are assumed to arise from central extensions of loop groups, we can sidestep this issue here.
The key lemma. The following construction and slight generalisation of Lemma (2.14) in [FHT1] is a key step in our computation of K G (G) .
(4.4) Construction. Let H be a compact group, acting on a compact Hausdorff space X, τ a twisting for H-equivariant K-theory, M ⊆ H a normal subgroup acting trivially on X. The following data can be extracted from this: 
Items (iii) and (v) are only defined up to canonical isomorphism. Note that, if τ M is abelian, as will be the case in our application, PR = Y, and hence ρ is null. We construct the twistings in the projective bundle model. Let then τ P → X represent τ . The action of M on the fibres of τ P gives the desired family (i): the absence of continuous deformations and automorphisms of central extensions of the compact group M makes this family locally trivial. Hence, the space Y of isomorphism classes of irreducible τ -representations also forms a fibre bundle over X. The fibre PR y at y ∈ Y of the projective bundle in (iii) is the corresponding projectivised representation or M: this is unique up to canonical isomorphism. The distinguished class [R] ∈ ρ K H (Y) is represented by the linear endomorphism bundle of PR, as a module over itself. Finally, assume without loss of generality that every fibre of τ P contains all irreducible τ -representations of M. (Tensor with the regular representation of H, if needed). The H/M-equivariant twisting τ ′ is then modelled by PHom M (PR, p * τ P). This is well-defined, because the action of τ M comes with a fibre-wise linearisation on both bundles; by our assumption on the fibres of τ P, the PHom M is also nowhere empty. The desired isomorphism of twistings in (v) is realised by the inclusion of PHom M ⊂ PHom.
Lemma. The twisted K-theories
Proof. We prove this under the simplifying assumption that the group action has contractible slices; that is, each x ∈ X has an H-neighbourhood of the form H × H x S x , with an H x -contractible S x . We claim that the composition below is an isomorphism:
By the usual Mayer-Vietoris argument, 12 it suffices show that it is an isomorphism H-locally on the base X. Our slice assumption reduces us to the case when X is a point x and H = H x . This is a weaker form of a result (Thm. 9.9) that we shall use in the classification of loop group representations; with due apology to the reader, we preview the argument here. With a statement about groups alone, it is more convenient, in spelling out the isomorphism, to use the model of twistings as central extensions by T, and K-classes as twisted virtual representations. Decomposing a τ -twisted representation V of H under τ M, we can distribute the isotypical components into a τ -twisted, H-equivariant vector bundle over the set Y x of irreducible τ -representations of M. (The action of H on this set is via conjugation on M). This bundle necessarily has the form R ⊗ W, where R is the tautological bundle we met before, and W is a τ ′ = (τ − ρ)-twisted H/M-bundle over Y. In the opposite direction, it is clear that the direct sum V of components W ⊗ R, for an H/M-bundle W, with twisting τ − ρ, carries a τ -projective action of H. The assignments V → W and W → V are mutually inverse, and the latter is our composition of maps (4.6). ♠ 4.7 Remark. The inverse map to (4.6) lifts a class from
and then extracts the M-invariant part. However, the last step requires more care in the projective bundle model for twistings, as it involves a Morita isomorphism associated to the two projective bundles.
When the identity component of G is a torus
For any G, we can decompose τ K * G (G) as a sum over representatives f ∈ G of conjugacy classes of components, with [ f G 1 ] denoting the union of conjugates of the component f G 1 and G( f ) its stabiliser in G:
Note that G( f ) is the union of components of G lying over the centraliser π f of the image of f in in the group π := π 0 G of components.
(5.2) Assume, for the remainder of this section, that G 1 is a torus. To keep the notation consistent with the following section, we now write N for G, T for G 1 and W for π 0 N.
T , and contraction with the first factor gives a map β : Π → Π * . This gives a translation action of Π on the set τ P of τ -affine weights (irreducible τ -representations) of T, and Y is the associated bundle t × Π τ P. If β is injective, as per our regularity condition (1.6), Y is a union of copies of t, labelled by τ P β(Π) , and pushing forward along t gives an identification
where the down-shift σ(t) in the twisting comes from the π-equivariant Thom class of t. We can restate this by observing that
, which captures the W-action on the bundle Y over T, but, more to the point, defines an affine action on τ P of the semi-direct product W ⋉ Π, extending that of Π. Comparing orbits and stabilisers gives an obvious isomorphism
which involves the promised group action on affine weights.
12 For this argument, K-theory does not have compact supports along X, but only along the fibres of Y. 13 With respect to the spectral sequence E p,q
(5.4) Let now T f ⊂ T be centraliser of an element f ∈ N and T its identity component. The component f T is a homogeneous space, with discrete isotropy, for the combined conjugation action of N( f ) /T and translation action of t := t f . That is, we have an 5) and the stabiliser Φ of f is isomorphic to π 1 of the homotopy quotient of f T by N( f ).
(5.6) With M = T in construction (4.4), an N( f )-equivariant twisting τ defines a bundle Y over f T, with fibre the set τ P of τ -affine weights of T. This is associated, via (5.5), to an affine action of Φ on τ P, classified by the leading component of
We say that τ is topologically regular if this action has finite stabilisers. Now, Φ is an extension of the invariants W f by the co-invariants Π f := Π ( f − 1)Π , and the latter group acts on τ P by translation, via a linear map 14 β : Π f → P; so topological regularity is injectivity of β. The two groups have equal rank, so this is also equivalent to finiteness of the quotient τ P/Φ. Lemma 4.5 and our description of Y lead to the following; the second description follows from the first by push-forward along t, and the down-shift σ(t) in the twisting comes from division by the equivariant Thom class. 
Theorem. (i) We have a natural isomorphism
; the right-hand side has a sensible topological interpretation, because the group action is proper (see Appendix C). It seems tempting to integrate along t, and arrive at the Γ f N-equivariant twisted K-theory of a point. However, no topological definition of K-theory that we know allows this operation (cf. Remark 2.5). This could be done by C * -algebra methods.
The following result (along with Theorem 6.4 in the next section) is the basis for our original construction of twisted K-classes from conjugacy classes [F2] .
Proposition
. If τ is regular, τ K * N( f ) ( f T)
is spanned by classes supported on single N( f )-orbits.
Proof. Viewing t as a homogeneous space for N( f ) /T ⋉ t leads to an (affine) action of Φ on it, by left translations. There is also the Φ-action (5.6) on the affine copy τ P ⊗ R of t * . Such Φ-actions are classified by
, where W f acts by conjugation; and the first class is the natural map Π f → t f ∼ = t, and the second, the map β ⊗ R. Hence, the two actions are isomorphic via a suitable translate of β ⊗ R.
We can distribute any given class in τ ′ −σ(t) K Φ ( τ P) over the graph of this translated β −1 within τ P × t. Pushing forward to the ambient space yields a class in
is supported on finitely many orbits. Appeal to (5.7) completes the proof. ♠ 5.10 Remark. (i) Our translated β ⊗ R descends to an isogeny of affine tori, from f T/T, which is isomorphic to t/Π f , to τ P ⊗ T. This preserves the action of W f (descended from Φ). The orbits in Prop. 5.9 are in the fibre of this map over the base-point τ P of the second torus.
(ii) There is an ambiguity in this set of orbits, coming from the freedom in identifying the affine spaces t and t * . At best, we can pin them down up to translation by the W f -invariant part of t.
14 Determined by the restriction of
(5.11) Relation to loop groups. Φ is also the group of components of the twisted loop group L f N; more precisely, the classifying space BL f N is the homotopy quotient of f T by N( f ). This is seen from the gauge action of L f N on the contractible space of connections on a suitable principal N-bundle over the circle: if we fix the fibre over a base-point, the space of holonomies is f T, and the residual symmetry group is N( f ). Every component of L f N contains loops of minimal length, and so the subgroup Γ f N ⊂ L f N of f -twisted geodesic loops is an extension of Φ by T. It is isomorphic to the subgroup of N( f ) ⋉ t lying over Φ: to equate the two, interpret f T in (5.5) as the quotient of N( f ) × t, the set of flat bundles over the interval with constant connection forms, based at the endpoints, under the free gauge action of Γ f N.
The action of Φ on τ P and its twisting τ ′ also have a loop group interpretation. The connection picture gives an equivalence between the smooth action groupoids N( f ) × f T ⇉ f T and Γ f N × t ⇉ t. We are interested in twistings coming from T-central extensions of Γ f N. In that case, the action of Φ on the affine weights τ P arises from the conjugation action of Γ f N on T. The stabiliser Φ λ ⊂ Φ of λ ∈ τ P is extended to the τ Γ f N-stabiliser, with kernel τ T. Pushing out via λ gives a T-central extension of Φ λ , and these central extensions assemble to the twisting τ ′ . The down-shift σ(t) has a similar interpretation, related to the spin representation (see §9).
Computation for a general compact group
(6.1) Recall (or see Corollary A.3) that any compact G has a natural reduction to an extension of π = π 0 G by the centre of G 1 . The push-out to the maximal torus T ⊂ G 1 defines a quasi-torus Q ⊂ G, an extension of T by π. Choose f ∈ Q, and call N( f ) the subgroup of the normaliser N of T in G which preserves the component f T of f in Q. Let W and W 1 be the Weyl groups of G and G 1 , and W the f -invariant part of W 1 ; we then have a semi-direct product decomposition
This is G( f )-equivariant for left translation on the first space and conjugation on the second. There result two morphisms in twisted K-theory, restriction ω * and induction ω * ; the reason for the names will be clear in §13:
6.4 Theorem. The composition ω * • ω * is the identity.
Proof. The quotient spaces f T N( f ) and f G 1 G( f ) are isomorphic under ω (Lemma A.5). We shall show that the composition ω * • ω * is the identity over small open sets in this common quotient. This implies that ω * • ω * is an isomorphism. However, we saw in (5.9) that τ K * N( f ) ( f T) is spanned by classes induced from single orbits; on such classes, ω * • ω * is the identity, so the theorem follows.
We need a local model for the Weyl map near a single orbit. We might as well work near f , which was arbitrary in Q; let G f and N f be its centralisers within G and N. The translate f exp(g f ) is a local slice for G 1 -conjugation near f , while its Cartan sub-algebra t f is one for the T-conjugation in Q. Therefore, a local, G f -equivariant model for ω is the conjugation map
The induction map ω * near f is multiplication by the N f -equivariant Euler class of the inclusion t f ⊂ g f , followed by (Dirac) induction of representations from N f to G f . (The first step introduces an additional twisting for K-theory, but the second step reverses it). The restriction ω * is restriction of representations. Because T contains regular elements ( [K] , Lemma 8.1), it follows that
it meets all components of the latter, and G f N f is also the quotient of the identity component (G f 
Recall that an affine weight in τ P is called regular if all its simple components are so. The group Φ := π N( f ) 1 ( f T) acts on τ P ( §5.6), and preserves regularity (see §9.6, §B.10) below for more details).
corresponding to the regular weights:
Proof. Regularity of weights admits another noteworthy description. Recall, from the proof of Prop. 5.9, the affine map from τ P to f T/T; the regular weights are then precisely those mapping to regular conjugacy classes, those whose stabiliser in G has minimal dimension. 15 The construction (5.9) of K-classes from single orbits shows that K-classes with singular weights are killed by induction: indeed, those weights will be singular for the stabilisers, in the local model (6.5).
On the other hand, regular K-classes can be supported on regular orbits, near which the local model for ω is an isomorphism; and the proposition follows. 
IV Loop groups and admissible representations
In this chapter, we summarise the basic facts we need about loop groups, twisted loop groups and their Lie algebras. The key result (which is "well-known to experts", but does not seem to appear in the literature in this form) is the classification of admissible representations, in Thm. 9.2, in terms of the action on affine regular weights of the extended affine Weyl group. We shall need to distinguish between representations of the polynomial loop algebras and their Hilbert space completions, and we convene to mark uncompleted spaces by a prime. 
Notation and conventions for affine algebras
g carries an ad-invariant bilinear form, extending the basic one on g:
′ is an h-eigenvector killed by N. Call H ′ a lowest weight module, with lowest weight (k, −λ, m), if it is generated by a lowest weight vector Ω of that h-weight; H ′ is then generated by N from Ω. Defining the positive alcove a ⊂ t as the subset of dominant elements ξ satisfying θ(ξ) ≤ 1, we can state the following:
Proof. Recalling that a was cut off from the dominant chamber by θ(ξ) ≤ 1, note that all weights of N verify the conditions, with λ, m = 0. ♠ (7.5) A lowest-weight module is integrable if the action exponentiates to the associated simply connected loop group. 16 Integrable representations are unitarisable, completely reducible, and the irreducible ones are parametrised by their lowest weights (k, −λ, m), in which k must be a non-negative integer and λ a dominant T-weight satisfying λ · θ ≤ k. These weights correspond to points of the scaled alcove k · a, in the basic inner product.
(7.6) The complex Clifford algebra Cliff(L ′ g * ) is generated by the odd elements {ψ
Choose an irreducible, Z/2-graded, positive energy module S ′ of Cliff(L ′ g * ). As a vector space, this can be identified with the graded tensor product
There are obvious actions of g and E on S ′ , intertwining with Cliff(L ′ g * ).
The lowest E-eigenvalue is 0, achieved on S(0) ⊗ 1. Setting
extends them to an action of L ′ g, with intertwining relation σ a (m), ψ b (n) = f b ca ψ c (m + n). One derives (7.7) by considering the adjoint representation L ′ g to the orthogonal Lie algebra so res (Lg), "restricted" (as in [PS] ) with respect to the splitting
. Formula (7.7) is then the quadratic expression of the spin representation of so res in terms of Clifford generators [KS] .
The following key result follows from the Kac character formula. It is part of affine algebra lore; but see [FHT2] for a proof.
Proposition.
As a representation of L ′ g, S ′ is a sum of copies of the integrable irreducible representation of level h ∨ and lowest weight (−ρ). The lowest weight space, which is isomorphic to the multiplicity space, is also the g-lowest-weight space in S(0), and is a graded, irreducible Cliff(t * )-module.
Twisted affine algebras
The
(8.1) For any automorphism ε of g, the algebra L ε g of ε-twisted loops in g ( §1.10) depends, up to isomorphism, only on the conjugacy class of ε in the outer automorphism group of g. To study it, we may as well assume, when g is simple, that ε is a diagram automorphism of order r (see Appendix A). This leads to an attractive model for the associated affine algebra L ε g, as the invariant sub-algebra of a copy of Lg, based on the r-fold cover of the unit circle, under the automorphism which rotates the circle by 2π/r and applies ε point-wise.
Twisted loop algebras arise geometrically from the infinitesimal gauge transformations of non-trivial principal bundles over the circle. Letting, in our case, G 1 be the simply connected group with Lie algebra g and G = Z/r ⋉ ε G 1 , the relevant bundle P is the quotient by Z/r of the trivial G-bundle on the r-fold cover of the unit circle; Z/r rotates the covering circle and left-translates the fibres G.
( 8.2) The structure of L ′ ε g is described in [K] , Ch. 6,8; we discuss the smooth version. Inherited from the ambient Lg is a linear decomposition L ε g = iRK ⊕ Lg ⊕ iRE; but we now rescale K and E to denote r, resp. 1/r times the originals. Then, E is the natural generator for the rotation of the unit circle, while the bilinear form of (7.2) is still ad-invariant. Using the standard connection ∇ 0 on P, descended from the trivial connection on the r-fold cover, the 2-cocycle of the central extension L ε g := iRK ⊕ L ε g is again expressed as an integral over the unit circle, and the bracket takes the following form: 
Proof. Its description, as a space of sections of a group G-bundle over S 1 , shows that L ε G has a simply connected identity component The rôles of t, h and N are taken over by their ε-invariants in the ambient L ′ g, which we denote by an underline. Therewith, the notions of weights, lowest-weight modules and integrability parallel 18 the untwisted case of §7. For the reader's convenience, the details are summarised in Appendix B. We only comment here on the underlined Doppelgängers for ρ, θ and a: while ρ has the obvious meaning, as the half-sum of positive roots for g := g ε , θ, which cuts out a from the dominant chamber of t by the relation θ(ξ)
From the classification of twisted conjugacy classes in Prop. B.8 we obtain the following.
Proposition. Every smooth connection is a smooth gauge transform of
A basis for L ′ ε g C suited to calculations arises from a complex orthonormal ε-eigen-basis {ξ a } of g C , so chosen that the indexing set carries an involution a ↔ā with ξā = −ξ * a . If ε(a) ∈ Z/r corresponds to the ε-eigenvalue of ξ a , then {ξ a (m)} forms a basis of g, as m + ε(a)/r ranges over Z. Raising and lowering indexes involves a bar; for instance, the relations in the complex Clifford algebra of L ′ ε g * are ψ a (m), ψ b (n) = 2δ ab · δ m−n . A positive energy, graded spin module S ′ can be identified, as a vector space, with S ′ (0) ⊗ Λ • (N /N ), for a graded spin module S(0) of Cliff(g * ). As in (7.7), the obvious actions of g and E extend to a lowest-weight representation of L ′ ε g, with a bar in the raised index a, but, remarkably, with the same h ∨ . As in Prop. 7.8, the representation can be identified using the Kac character formula; its lowest-weight space is the lowest g-weight space in S(0), and is a graded irreducible Cliff(t * )-module, of t-weight (−ρ).
Representations of L f G
In this section, we classify the irreducible admissible representations of loop groups at shiftedregular levels ( §1.11) in terms of the extended affine Weyl action on regular weights of T. The resulting description of the associated K-groups ( §1.4) agrees with our topological answer for τ K G (G) in Theorem 6.7.
(9.1) Let G be any compact group, T a maximal torus and f an element of the associated quasi-torus ( §6), assumed to act on g by a diagram automorphism (see Appendix A). Let L f G denote the group of smooth f -twisted loops in G ( §1.10), τ a regular central extension ( §1.6), σ the extension defined by a graded, lowest-weight spin representation S of L f g * . Gradings are tacitly incorporated into our twistings. The extended affine Weyl group W aff = π 0 L f N (6.8) acts on τ P, and a distinguished twisting τ ′ is defined for this action ( §5.11).
Theorem. (i) The category of admissible representations of L f G of level τ − σ is equivalent to that of finite-dimensional, W aff -equivariant, τ ′ − σ(t)-twisted vector bundles over
(
ii) The K-groups of graded admissible representations are naturally isomorphic to the twisted equivariant K-theories
9.3 Remark. This is the theorem of the lowest weight, enhanced to track the action of the components of the loop group. Reaching ahead a bit, the equivalence in (i) arises as follows. A regular weight µ defines a polarisation of L f g, which selects, for each admissible representation
Its (−µ)-eigenspace under T is a Cliff(t)-module, and factoring out a copy of the spinors on t gives the fibre of our vector bundle at µ. The result is much more cleanly stated and proved for the super-group L f G s , without any shifts; but we choose to spell it out for the honest loop group.
Regularity of τ L f N (1.6) confines us to sums of Heisenberg extensions of V and topologically regular extensions τ Γ f N. The Heisenberg group has a unique lowest-weight representation F, which carries a (projective) intertwining action of (F; H) ; the second factor is a weight representation of Γ f N (meaning it is semi-simple for T, with finite multiplicities). Theorem 9.2.i asserts that weight representations of Γ f N split into irreducibles, and classifies the latter by π 0 Γ f N-orbits on affine weights, together with (twisted) representations of the stabiliser. This is easily verified algebraically, using Frobenius reciprocity: in fact, every T-semi-simple irreducible τ Γ f N is induced from an irreducible representation of the stabiliser of a weight.
The proof of (9.2) requires some discussion. Split g into its centre z and derived sub-algebra g ′ . Proof. In the splitting of g ′ into simple ideals, f -conjugation permutes isomorphic factors. To a cycle C of length ℓ(C) in this permutation, we assign one copy of the underlying simple summand g(C) and the automorphism ε(C) := Ad( f ) ℓ . This is a diagram automorphism of g(C), whose fixed-point sub-algebra is isomorphic to that of Ad( f ) on the summand g(C) ⊕ℓ in g ′ . Then, L f g ′ is isomorphic to the sum of loop algebras L ε(C) g(C), with the loops parametrised by the ℓ(C)-fold cover of the unit circle. The splitting arises from the eigenspace decomposition of Ad( f ) on g(C) ⊕ℓ . As the summands are simple ideals, uniqueness is clear. The splitting of the extension follows from the absence of one-dimensional characters of the simple summands. ♠ (9.6) The proposition splits the Cartan sub-algebra t := t f of L f g into z := z f and the sum of the t(C). Call τ a ∈ t the product of z and the positive alcoves ( §7.3, §8.6) in the simple factors of L f g ′ , scaled by the simple components of the level [τ ] , and let τ a * be its counterpart in t * in the basic inner product on g ′ . The normal subgroup W aff (g, f ) ⊂ W aff , generated by reflections about the walls of τ a * , tessellates t * by the transforms of τ a * , which are all distinct (B.6). The two groups agree when G is simply connected, but in general we have an exact sequence
split by the inclusion of π in W aff as the stabiliser of τ a. The regular affine weights τ P reg are those not lying on any alcove wall. The alcoves correspond to positive affine root systems on L f g which are conjugate to the standard one ( §B.12): the simple roots are the outward normals to the walls. This correspondence is compatible with the action of the subgroup Γ f N of geodesic loops ( §5.11). The positive root spaces span a Tequivariant polarisation of L f g ′ ; these polarisations, combined with the original one on L f z, are conjugate, and hence define the same class of admissible representations of L f G.
Proof of (9.2). Consider first the Lie algebra, whose integrable unitary representations correspond to the admissible ones for the simply connected cover of the identity component (L f G) 1 . For the simple summands, integrable representations are classified in [K] by their lowest weights. Regularity of τ on the centre L f z ∼ = z ⊕ L f z z means that the second summand has a unique irreducible lowest-weight representation. Unitary irreducibles of z are labelled by the points of the τ -affine dual space.
Descent of representations to (L f G) 1 follows from the integrality constraint imposed by T. We can thus parametrise the admissible irreducibles of (L f G) 1 by their lowest weights (−λ): the shifted weights (λ + ρ) then range over τ P reg + := τ P reg ∩ τ a * . Now, W aff (g, f ) acts freely on τ P reg , and its orbits are in bijection with the points in τ P reg + . Thus, Thm. 9.2 for (L f G) 1 merely reformulates the Kac classification. Extension of representations to the full loop group is controlled by the following general result.
(9.8) Let H be a group, M a normal subgroup, κ a central extension of H. Conjugation by H leads to an action of H/M on isomorphism classes of κ-representations of M. Let Y be a H/M-stable family of irreducible isomorphism classes, satisfying the two conditions (i) Every point in Y has finite stabiliser in H/M;
(ii) The M-automorphisms of any representation in Y are scalars.
There is a tautological projective vector bundle PR over Y, whose fibre at y ∈ Y is the projectivised representation PR y labelled by y. Its uniqueness up to canonical isomorphism, and hence H-equivariance, follow from condition (ii). The bundle defines a T-central extension of the action groupoid of κ H on Y. This central extension is split over κ M, so dividing out by the latter gives a central extension, or twisting, κ ′ for the H/M-action on Y.
Call an H-representation Y-admissible if its restriction to M is a finite-multiplicity sum of terms in Y, with only finitely many H/M-orbit types. For instance, all representations induced from M, starting with elements of Y, are so. The following was established while proving the key Lemma 4.5:
Proposition. The category of Y-admissible representations of H is equivalent to that of κ ′ -twisted, H/M-equivariant vector bundles over Y, supported on finitely many orbits. ♠
Recall that a M-representation H is sent to the bundle whose fibre at y is Hom M (R y , H). Conversely, to a bundle over Y we associate its space of sections. Proof of (9.2), continued. Apply (9.9) with H = L f G, M its identity component, κ = τ − σ and Y parameterising irreducible admissible isomorphism classes. Freedom of the W aff (g, f )-action on τ P reg gives an isomorphism
The identification of Y with τ P reg + , although involving a ρ-shift, preserves the actions of π in §5.11 and §9.8, because the (sign-reversed) lowest weight (σ, ρ) of S is π-invariant. To prove Theorem 9.2, it remains to identify the twistings κ ′ and τ ′ − σ(t). Now, the subgroup of Γ f N lying over π preserves the lowest-weight space in any κ-representation H of L f G; the projective action of π on the associated vector bundle over Y gives a model for κ ′ . Similarly, a model for τ ′ arises from the action if π on the lowest-weight space in H ⊗ S, distributed over the (signreversed) eigenvalues in τ P reg + . But the two bundles differ by a factor of S(t) in the second, which represents the twisting σ(t). ♠ 
V From representations to K-theory
To a positive energy unitary representation H of a loop algebra at fixed level τ − σ, we assign a family of Fredholm operators parametrised by (an affine copy of) Lg * , equivariant for the affine action of the loop group LG at the shifted level τ . The underlying space of the family is H ⊗ S, and the operator family is the analogue of the one in §3, based on the Dirac-Ramond operator. We recall that operator in §10, and reproduce the calculation [L] , [T] of its Laplacian, which we extend to twisted algebras. Our family defines an LG-equivariant twisted K-theory class over Lg * , which we identify, when H is irreducible, with the Thom push-forward of the natural line bundle on a single, integral co-adjoint orbit. The passage from representation to orbit and line bundle is an inverse of Kirillov's quantisation of co-adjoint orbits. The affine copy of Lg * carrying our family can be identified with the space of g-connections over the circle with the gauge action, leading to an interpretation of our family as a cocycle for τ K G (G) .
The affine Dirac operator and its square
Let H ′ be a lowest weight module for L ′ g at level k, and consider the following formally skewadjoint operator on H ′ ⊗ S ′ :
This is known to physicists as the Dirac-Ramond operator [M] ; in the mathematical literature, it was first considered by Taubes [T] , and, more recently, studied in detail by Landweber [L] , based on Kostant's compact group analogue. Denote by T a (m) the total action R a (m) + σ a (m) of ξ a (m) on H ′ ⊗ S ′ , and let
We postpone their proof for a moment and explore the consequences. We can see that the commutation action of the Dirac Laplacian D / 2 on the T and the ψ agrees with that of −2k ∨ E. We normalise the total energy operator E on H ′ ⊗ S ′ to vanish on its lowest eigenspace H(0) ⊗ S(0) = U(g)Ω ⊗ S(0). This last space is D /-invariant, and the only terms in (10.1) to survive on it are those with m = 0. These sum to the Dirac operator for the finite-dimensional algebra g and its representation H(0). As shown in §3, the latter squares to −(λ + ρ) 2 . Since H ′ ⊗ S ′ is generated by the actions of the T and the ψ on H(0) ⊗ S(0), the following formula for the Dirac Laplacian results:
Hence, D / is invertible, with discrete, finite multiplicity spectrum.
Remark.
Because the σ are expressible in terms of the ψ, the Dirac operator (10.1) is expressible in terms of the T • and the ψ • alone. Define the level k ∨ universal enveloping algebra 20 The most natural completion is that containing infinite sums of normal-ordered monomials, of bounded degree and energy; this acts on all lowest weight modules of
Proof of (10.2). The first identity follows by adding the two lines below, where summation over m ∈ Z is implied, in addition to the Einstein convention:
The second identity in (10.2) follows from the first. Indeed: 
and we obtain, as before, the formula for the Dirac Laplacian:
(10.8) The affine Dirac operator. The relation between the finite and affine Dirac Laplacians, (3.6) and (10.3), becomes apparent if we use spinors based on the full Kac-Moody algebra. Let Lg * = iRΛ ⊕ Lg * ⊕ iRδ, where Λ is dual to K and δ to E. Identifying it with Lg by the bilinear form (7.2), we see that the co-adjoint action of ξ = (k, ξ, e) on Lg * is 
The Dirac family on a simple affine algebra
From now on, we assume the representation H ′ of L ′ g to be integrable; general theory ensures it is unitarisable, and that it exponentiates to a unitary action of the smooth loop group LG of G on the Hilbert space completion H. This also means that we must have k ∨ > 0.
(11.1) The co-adjoint action (10.9) preserves the fixed-level hyperplanes ik ∨ Λ + Lg * in Lg * . Leaving out δ leads to the affine action at level k ∨ on Lg * . Note that sending (ik ∨ Λ + µ) to (d/dt + µ/k ∨ ) identifies this with the gauge action on the space A of g-valued connections on the circle.
Proposition. The assignment
, intertwines the affine action at level k ∨ with the commutator action. 
Proof. T(ξ), D /
When µ ∈ t * , we can relate this formula to (10.3), as follows. The first part in (11.4) is −2k ∨ E µ , with a modified energy operator E µ on H ′ ⊗ S ′ associated to the connection 21 d/dt + µ/k ∨ , and additively normalised to vanish on the −(λ + ρ)-weight space in H(0) ⊗ S(0). As we are about to show, that weight space is the lowest eigenspace for the Dirac Laplacian, when µ/k ∨ ∈ a.
(11.5) To study a general D / µ , we conjugate by a suitable loop group element to bring µ into k ∨ a. As D / µ now commutes with t and E, we can evaluate (11.4) on a weight space of type (ω, n), where T(µ) = i ω|µ , and obtain
Now, a weight of H ⊗ S splits as (ω, n) = (ω 1 , n 2 ) + (ω 2 , n 2 ), into weights of H and S. Proposition (7.4) asserts that (ω i + λ) · µ + k ∨ n i ≥ 0,with equality only if µ is on the boundary of a, or else if ω = −(λ + ρ) and n = 0. But then, (11.6) can only vanish if, additionally, µ = λ + ρ. Since that lies in the interior of a/k ∨ , we obtain the following.
Theorem. The kernel of D / µ is nil, unless µ is in the affine co-adjoint orbit of (λ + ρ) at level k ∨ . If so, ker D / µ is the image, under the same transformation, of the −(λ + ρ)-weight space in H(0) ⊗ S(0). ♠ (11.8)
The last space is the product of the lowest-weight spaces of H(0) and S(0); the former is a line, the latter a graded, irreducible Cliff(t)-module. As in the finite-dimensional case, the more canonical statement is that the kernels of the D / µ on the "critical" co-adjoint orbit O of λ + ρ in ik ∨ Λ + Lg * assemble to a vector bundle isomorphic to L −λ−ρ ⊗ S(N), where the first factor is the natural line bundle on O, and the second, the normal spinor bundle. This is equivariant under LG. Furthermore, we can describe the action of D / µ on this bundle, which is its lowest eigenspace, when µ moves a bit off O. As the complementary spectrum of D / µ is bounded away from zero (an explicit bound can be given from the formula for its square), this embedding induces an equivalence of twisted,
LG-equivariant K-theory classes in some neighbourhood of O. Identifying the level k ∨ hyperplane in Lg with A as in §11.1 and using the holonomy map from A to G interprets our Dirac family as a class in τ K G (G) , in degree dim g (mod 2).
(11.11) The twisted case. These results extend verbatim to twisted affine algebras, in the presentation L ε g of §8. Let A ε be the space of smooth connections on the G-bundle of type ε and recall the distinguished connection ∇ 0 of §8.2.
Proposition. (i) The identification of the affine hyperplane ik
(ii) The assignment µ → D / + iψ(µ) intertwines the affine co-adjoint and commutator actions.
(iii) Formula (11.4) for D / 2 µ , and its consequences (11.7) and (11.9) , carry over, with ρ replaced by ρ. ♠
Arbitrary compact groups
We now extend the construction of the Dirac family to the space A P of smooth connections on a principal bundle P over the circle, with arbitrary compact structure group G. Coupling this to admissible representations produces twisted, gauge-equivariant K-classes over A P , and we show that the resulting map from admissible representations to twisted K-theory agrees with the one of Theorem 3, constructed using the affine Weyl action on regular weights. We saw in Prop. 9.5 that the Lie algebra L P g of the loop group L P G of gauge transformations splits into a sum of abelian and simple, possibly twisted, loop algebras, and any central extension preserves this. To assemble the families for the individual summands, we must still discuss the abelian case and settle the equivariance under the non-trivial components of L P G. An admissible irreducible representation of Lz has the form F ⊗ C −λ , for the Fock representation F of Lz/z and an affine weight λ ∈ τ z * , and we obtain
The identification of the kernel proceeds as before: it is supported on the affine subspace iΛ + λ + Lz * ⊖ z * of Lz * . This is a single co-adjoint orbit of the identity component of LZ, and the family represents the Thom push-forward of the LZ-equivariant line bundle L −λ from that orbit to the ambient space.
(12.2) We can relate this Dirac family to the finite-dimensional spectral flow of §2. The positive isotropic subspace U ⊂ Lz ⊖ z relative to the extension ( §1.9) leads to vector space identifications
Lz/z into zero-modes and Umodes, we recognise in the first term is the Dirac family of §2, lifted to z and restricted to the λ-eigenspace for z; whereas the second term has the form ∂ + ∂ * , for the Koszul differential
In other words, D / µ is quasi-isomorphic to the finite-dimensional family D / z µ on z FIX IT.
( 12.3) Characterisation of D / µ . Proposition 11.2 ensures the equivariance of our Dirac family for the connected part of the loop group. When G is not simply connected, we must extend this to the other components. This is best accomplished by an intrinsic characterisation of D / µ . We restate relations (10.2) and (10.6) in a "coordinate-free" way:
where the bracket in the first equation is contraction in the bilinear form (7.2). Observe now that the first formula expresses the total action of ν on H ⊗ S, in the lifting of L P g to L P g defined by the line ik ∨ Λ + µ ⊂ L P g * . In the second formula, we have used the co-adjoint action of §10.8. As explained in Remark 10.4, the first relation uniquely determines D / µ , and we conclude 12.4 Proposition. The assignment µ → D / µ is equivariant under all compatible automorphisms of L P g, H and S which preserve the bilinear form on L P g. ♠ (12.5) The Dirac family lives on an affine copy of L P g * , the hyperplane over i ∈ iR in the projection τ L P g * → iR dual to the central extension (1.7). We can transport it to A P by identifying the two affine spaces, compatibly with the L P G-action. The identification was described in §11 for the simple factors; but on the abelian part, there is an ambiguity, as we can translate by the Lie algebra of the centre of L P G. Descending to conjugacy classes by the holonomy map, this ambiguity matches the one encountered in (5.10.ii), when we identified the set of holonomies with the alcove τ a * .
Coupling the Dirac family to graded, admissible representations of the loop group yields a twisted K-class on A P , equivariant under L P G. This is also an Ad-equivariant twisted K-classes over G, supported on the components which carry the holonomies of P (see §4).
Proposition. The isomorphism of Theorem 3 is induced by the Dirac family map, from admissible representations to K-classes.
Proof. Comparing the Dirac kernels to the classification of irreducibles by their lowest-weight spaces ( §9), we see that the Dirac K-class of an irreducible representation is pushed forward from a bundle supported on the single co-adjoint orbit, namely the orbit of the (sign-reversed and ρ-shifted) lowest weight. The proposition follows by relating this with the basis of τ K G (G) described in Proposition 5.9, consisting of classes supported on single conjugacy classes in G, and relating both sides to the twisted K W aff of the regular weights. ♠
VI Variations and Complements

Interpretation: Semi-infinite cohomology
In this section, we give alternative formulae (13.3), (13.10) for the Dirac operator D /. For readers versed in the Lie algebra cohomology theorems of Bott [B] , Kostant [K1] , and their loop group analogues due to Garland [G] , this alternative point of view explains the magical appearance of the kernel on the correct orbit. We shall recall the relative Dirac operators of [K2] and [L] , which allow us to interpret the morphisms ω * and ω * of the previous section in terms of well-known constructions for affine algebras, namely semi-infinite cohomology and semi-infinite induction [FF] .
(13.1) Let G be a loop algebra, possibly twisted. The triangular decomposition
on the Lie algebra cohomology complex, explicitly given bȳ
where ad ∨ denotes the co-adjoint action, and where we have used a root basis of N and its dual basis of Clifford generators. Let∂ * be the hermitian adjoint of∂, and denote by D / t −ρ the t-Dirac operator with coefficients in the representation
. Now, all three terms have cubic expressions in the Clifford generators, and we will check their agreement. We have
Disregarding the order, these are precisely the terms in σψ/3 involving two positive roots and a negative one, respectively two negative roots and a positive one; whereas the ad-term in D / t similarly collects the σψ/3-terms involving exactly one t * -element. Clearly, this accounts for all terms in σψ/3. We have thus shown that the symbols of these operators agree in (a completion of) Λ 3 (Lg * ). The difference between the two must then be a linear ψ-term. However, both operators commute with the maximal torus T and with the energy E; so the difference is ψ(µ), for some µ ∈ t * . Now, a quick computation gives
Remark. The argument applies to any Levi decomposition of G C .
(13.5) Proposition 13.3 gives an alternate explanation for the location of ker D / µ . Indeed, if
the space of harmonic representatives for H * N; H ⊗ S(t * ). (The lines appear in degrees ℓ(w)). Clearly, D / t µ−ρ has a kernel on this space precisely when µ agrees with one of the w(λ + ρ); otherwise, the highest eigenvalue of its square is the negative squared distance to the nearest point, in agreement with §11.3.
(13.6) A similar construction applies to a decomposition of a rather different kind. Restricting, for the sake of simplicity, to the case of untwisted loop algebras, the splitting
where the second factor on the right represents the positive energy, semi-infinite exterior algebra [FGZ] , [FF] . There exists a differential ∂ for semi-infinite Lie algebra cohomology, given by the formula 13.2, acting on the complex H ⊗ Λ ∞/2 (Ln * ). We recall that, when H is irreducible of lowest weight (−λ), the semi-infinite cohomology, in each degree, can be expressed as a finite sum of positive energy Fock spaces F ⊗ C µ for Lt /t , on which the constant torus T acts with weight µ :
The non-trivial components of the loop group LT also act on Λ ∞/2 (Ln * ) and commute with ∂, hence they act on the cohomology; but they shift the grading. Going over to the Euler characteristic, we can collect terms into irreducible representations F ⊗ F [µ] of LT and write more explicitly
(13.8)
where the F [µ] are irreducible representations of T × Π ( §2.4).
(13.9) We define D / Lg/Lt := ∂ + ∂ * . By elementary Hodge theory, its index is given by (13.8).
Proposition
, and the three operators commute. ♠
The proof is very similar to the one of Prop. (13.3) ; see [L] for more help. We also leave it in the reader's trusty care to define the analogous construction in the twisted affine case.
Theorem. Under the Dirac family construction of §11, the functor of semi-infinite LN-Euler characteristic, from τ −σ R *
LG to τ R * LT , corresponds to the Weyl restriction ω * :
, and the commutation of the three operators when µ ∈ Lt * , shows that the restriction to Lt * of our family D / 13.12 Remark. We have used LT for simplicity, but any larger subgroup of LG with the same Lie algebra, such as LN, would lead to a statement analogous to Thm. 13.11. In the case of LN, the semi-infinite cohomology can carry more information, from the action of the components of N; for instance, this happens when π 1 G has torsion.
An energy-equivariant version
The admissible loop group representations of greatest interest admit a circle action intertwining with the loop rotations ( §1.14). This will be the case iff the following two conditions are met:
(i) The loop rotation action lifts to the central extension τ LG, (ii) The polarisation defining admissibility is rotation-invariant ( §1.9).
A lifting as in (i) defines a semi-direct product T ⋉ τ LG. Subject to condition (ii), the Borel-Weil construction of admissible representations by holomorphic induction ( [PS] , Ch. 11) shows that they all extend to the identity component of this product; the T-action is determined up to an overall shift on each irreducible, and its spectrum is essentially positive, if the polarisation contains only semi-positive Fourier modes. The representation can be extended to the entire loop group as in §9, and results in the same classification of irreducibles, save for the extra choice of normalisation for the circle action on each. In investigating condition (i), it is convenient to allow fractional circle actions: that is, we allow the circle of loop rotations to be replaced by some finite cover. A lifting of the rotation action to τ LG refines the level [τ ] to a class in H 3 (B(T ⋉ LG) ). The obstruction to such a refinement is the differential δ 2 : (G 1 ) in the Leray sequence for the projection to BT. All torsion obstruction vanish after the rotation circle is replaced by a suitable finite cover. Rationally, H * G (G 1 ) is the invariant part of H * T (T) under the Weyl group W of G, and for the torus we have the following.
Lemma. A class in H 3 (T × BT) lifts to a rotation-equivariant one iff its component in H
Proof. The differential δ 2 vanishes on the H * (T) factor, and is determined its effect on H 2 T : this is mapped isomorphically onto
14.2 Remark. We already mentioned ( §1.6) that the levels of central extensions have vanishing H 3 (T) component. For semi-simple G, symmetry is ensured by Weyl invariance and condition (i) is automatic. For these groups, the standard polarisations (defined by positive root systems, §B.12) are also rotation-equivariant. In general, symmetry of the level is an additional topological constraint for rotation-equivariance of τ LG.
As mentioned in Chapter I, the energy-equivariant version of our theorem concerns the quotient stack of the space A of smooth connections under the action of T ⋉ LG. This is a smooth stack, with compact quotient and proper stabiliser, but which, unlike the quotient stack G : G of G by its own Ad-action, cannot be presented as a quotient of a manifold by a compact group (cf. Remark C.12.ii). The K-theory of such stacks is discussed in Appendix C. Let τ P be the level τ slice τ P ⊕ Zδ of the affine weight lattice (B.10). G : G) , obtained by tracking the loop rotation action in Thm. 6.7 
Proposition. We have isomorphisms
τ −σ R * T⋉LG ∼ = τ ′ −σ(t) K W aff ( τ P) ∼ = τ K * +dim g T (
and in the Dirac family construction.
The middle group is a free R T -module, with the generator of that ring acting on τ P by δ-translation. Killing the augmentation ideal forgets the circle action in the outer groups, and recovers the isomorphisms in Theorems 3 and (6.7).
Proof. The argument is a repetition of those for (4.5), (5.7) and (6.7), with the extra T-action everywhere. The main point of difference is that we are now dealing with the K-theories of some smooth, proper stacks, which are no longer global quotient stacks, but only locally so. However, the proofs of (4.5) and (6.7) proceed via a local step, which continues to apply for our local-quotient stacks, followed by globalisation using the Mayer-Vietoris principle, which continues to apply (Appendix C). ♠ 14.4 Remark. The preceding discussion for untwisted loop groups generalises in a natural way to the groups L P G of gauge transformations of a principal bundle P over the circle. There is an extension of the rotation group T by L P G, represented by the group of the diffeomorphisms of the bundle P which cover the circle rotation. Any connection on P whose holonomy has finite order provides a fractional splitting of this extension. This group replaces the T ⋉ LG of the trivial bundle case. The topological constraint for rotation-equivariance of a extension τ is again symmetry of the linear map β defined by the level ( §5.6).
(A.1) Choose a set of simple root vectors in g C , satisfying, along with their conjugates and the simple co-roots, the standard sl(2) relations. Proof. We first show that the obvious map from T ϕ to ϕG/G is surjective. As it is closed, by compactness, it suffices to check that it is also open. The torus T is a covering of T ϕ . Near any t ∈ T, we split g under ψ := ϕ • Ad(t), and hence split a neighbourhood of T in G, as exp(g ψ ) × exp ((ψ − Id)g) · t. Now, the G ψ -orbit of T is open in exp(g ψ ) · t, because t ϕ = t ψ is a Cartan sub-algebra of g ψ . Further, the exp ((ψ − Id)g)-orbit of T is transverse to exp(g ψ ) · t; hence, openness at t follows.
Next, we show that two elements T are related by the G-twisted action iff they are related by that of N/T ϕ . Now, T is a maximal torus of of the twisted centraliser G ψ ; but if t ′ := gtϕ(g) −1 ∈ T, then g −1 Tg ⊂ G ψ , and is another such torus. Hence, there exists z ∈ G ψ with zTz −1 = g −1 Tg, and then t ′ = ntϕ(n) −1 , with n := gz normalising T. By regularity of T, it follows that n ∈ N; moreover, n and ϕ(n) have the same image in N/T, as desired. The last group fits into an exact sequence
where, we claim, the last term is trivial. This follows from the 2-periodicity of cohomology of the finite cyclic group ϕ , and from the fact that π 1 T/T contains no ϕ-invariants. Observe now that the quotient of T by the twisted conjugation action of T/T ϕ is precisely T ϕ , proving the first assertion in the lemma. For the second part, note that
, for some s ∈ T, which means that s −1 n = tϕ(s −1 n)t −1 = ψ(s −1 n); this happens iff there exist ψ-invariants in the n-component of N. So, the stabiliser of [t] in W ϕ , for the action (A.4), is N ψ /T ψ ; but, by G-regularity of T again, the Weyl group of G ψ is N ψ /T, and T ψ /T = π 0 (T ψ ) = π 0 (T ϕ ). ♠
22 What really matters is that ϕ should belong to a compact group of automorphisms
B. Affine roots, weights and modules in the twisted case
We now specialise to the study of diagram automorphisms, which are the key to the concrete description of the twisted affine algebras in terms of finite-dimensional ones. The connection between the two is due to Kac, to which we refer for the complete description of diagram automorphisms [K] , §7.9 and §7.10; but we reformulate it more conveniently for us.
(B.1) When g is simple, the order of a diagram automorphism ε is r = 1, 2 or 3. We now assume ε = 1; g must then be simply laced. We summarise the relevant results from [K] .
B.2 Theorem.
The invariant sub-algebra g := g ε is simple, with Cartan sub-algebra t := t ε and Weyl group W := W ε . The simple roots are the restrictions to t of those of g. The ratio of long to short root square-lengths in g is r, save when g = su(3), in which case g = su(2). The ε-eigenspaces are irreducible g-modules, the two ε = 1-eigenspaces being isomorphic when g = so(8) and r = 3. ♠ (B. 3) Call θ the highest weight of g g , and let a 0 = 2 when g = su(2ℓ + 1) and r = 2, else let a 0 = 1; then, θ /a 0 is the short dominant root of g. (When g = su(2ℓ + 1), g = so(2ℓ + 1) and g g is S 2 R 2ℓ+1 /R , whose highest-weight is twice the short root). The basic inner product on g restricts to a 0 times the one on g; so θ 2 = 2a 0 /r . Proof. This follows from the analogous result for the untwisted affine algebra based on the Langlands dual to g, in which a is the fundamental alcove and R ′ the co-root lattice. ♠ (B.7) When G is simply connected, the points of a parametrise the conjugacy classes in G. The alcove a fulfils the same role for the ε-twisted conjugation g : h → g · h · ε(g) −1 . Proof. For the first part, we must show, given (B.6) and (A.5) , that the integer lattice of T ε in t ε ∼ = t is R ′ , and that the ε-twisted action of W on T ε is the obvious one. Now, the first lattice is the image, in the quotient t ε of t, of the integer (co-root) lattice R ∨ ⊂ t of T. As g is simply laced, R ∨ is identified with the root lattice R of g in t * by the basic inner product, so the integer lattice of T ε is also the image of R in t * . But, by (B.2) , this agrees with the root lattice R of g. Concerning W, since that is the Weyl group of G ε , we can find ε-invariant representatives for its elements, and their ε-action coincides with the usual one.
Connectedness of twisted centralisers, for simply connected G, is due to Steinberg [St] . Moreover, because maximal tori are maximal abelian subgroups, T ε is connected as well; and (A.5) identifies the Weyl groups of centralisers as desired. ♠ B.9 Remark. Connectedness of T ε can also be seen directly, as follows. Clearly, the ε-fixed point set exp (a ε ) in the simplex exp(a), is connected. By regularity of t, every component of T ε contains a regular element. This must be conjugate to some a ∈ exp(a), hence of the form w(a), with w ∈ W and a ∈ exp(a). Invariance under ε implies w(a) = ε(w(a)) = ε(w)(ε(a)). As a and ε(a) are both in a and regular, it follows that w = ε(w) and a = ε(a), so w(a) is in the W-image of exp(t), hence in T.
(B.10) Affine roots and weights. The sub-algebra h = iRK ⊕ t ⊕ iRE plays the role of a Cartan sub-algebra of L ′ ε g. The affine roots, living in h * , are the h-eigenvalues of the adjoint action on
The simple affine roots are the simple roots of g, plus δ − θ; they span the affine root lattice R aff . The simple co-roots are those of g, plus (K − β ∨ ) /a 0 , where β ∨ , the long dominant co-root of g, satisfies λ(β ∨ ) = λ|θ /r. 23 The restriction T of the basic central extension (8.4) to T is the quotient of iRK ⊕ t by the affine co-root lattice R ∨ aff . The weight lattice P of L ε G, in h * , is the integral dual of R ∨ aff , and comprises the characters of T. Calling P the (simply connected) weight lattice of g, we have
the superscript indicating the value of the character on the central element of Spin(2ℓ + 1). The affine weight lattice P includes, in addition, the multiples of δ, giving the energy eigenvalue.
The dominant weights pair non-negatively with the simple co-roots; this means that (k, λ, x) is dominant iff λ is g-dominant and λ · θ ≤ k/r. The affine Weyl group W aff (g, ε) preserves the constant level hyperplanes, and its lattice part R (B.6) acts by k-fold translation at level k. Every positive-level weight has a unique dominant affine Weyl transform. Regular weights are those not fixed by any reflection in W aff (g, ε). The important identity ρ|θ + θ 2 /2 = h ∨ /r (proved case-by-case in [K] , Ch. 6), implies that an integral weight (k, λ, x) is dominant iff the shifted weight (k + h ∨ , λ + ρ, x) is dominant regular. 
ε g has level k if K acts as the scalar K. A lowest weight vector in H ′ is an h-eigenvector killed by N ε , and H ′ is a lowest weight module if it is generated by a lowest weight vector. We call H ′ integrable if the action of all the root sl 2 sub-algebras of L ′ ε g is so; in that case, the module is unitarisable, and the Lie algebra action exponentiates to one of L ε G on the Hilbert space completion. Integrable representations are semi-simple, and the irreducible ones are parametrised by their level k and their lowest t-weight (−λ) for which λ is dominant and satisfies θ · λ ≤ 1/r.
C. K-theory of local-quotient stacks
The energy-equivariant version of τ K G (G) studied in §14 models the equivariant K-theory of the space A of connections under the semi-direct product T ⋉ LG, with the two factors acting by loop rotations and gauge transformations, respectively. This is an example of a stack, with proper stabiliser and compact quotient space, which is not globally the quotient of a compact 23 Recall from B.3 that θ /a0 is a short root, and θ 2 = 2a 0 /r .
space by a compact group, but only locally so (Remark C.12). In this section, we outline the construction of the K-theory of such objects. We refer the reader to [LTX] , which appeared as our manuscript was nearing the final stages of preparation, for a recent treatment of this very topic, and proofs of some foundational results, from the point of view of C * -algebras. Those methods however, have their own supply of technical difficulties, 24 which our limited knowledge of the technical background does not permit us to elucidate. We therefore prefer our in-house topological approach, and hope that the alternative setting may be of some use. One enlightening observation is captured in our Definition C.9, using stacks to "remove" the twisting of K-theory; thus, that defining ordinary K-theory in the context of stacks and settling the basic properties carries the twisted version along. 
0 , which is Z 1 , by the covering equivalence assumption on Z • → Y • . This shows that any morphism of groupoids, in the homotopy category, can be factored as an actual morphism followed by the inverse of a covering equivalence, or preceded by one, as desired. (This also proves that our homotopy category exists).
C.2 Remark. (i)
Observe that replacing covering by surjection and homeomorphism by bijection leads to an equivalence of groupoids of sets; a covering equivalence gives a stalk-wise equivalence on the sheaves of continuous functions into X • and Y • , over any topological space. Pursuing this idea, there are alternative definitions of the homotopy categories of various kinds of stacks; see [ST, H, Lu] for a review of foundational results. Mercifully little of that is needed here, because our stacks are of a very special kind.
(ii) The quotient topological space [X/R] defined by a closed equivalence relation R ⊂ X 2 is not covering equivalent to the stack X ⇉ R represented by R, unless the quotient map X → [X/R] has local sections. Nonetheless, the spaces of maps from the two to any target topological space will be indistinguishable, by definition of the quotient topology.
A groupoid X 1 ⇉ X 0 has proper isotropy if the diagonal morphism X 1 → X 2 0 is proper; X • will share this property with any covering-equivalent groupoid. The quotient space [X • ] of X 0 by the relation defined by X 1 is then Hausdorff, if X 0 was so. Note that equivalent groupoids have homeomorphic quotient spaces. We say that the stack is proper if it has proper isotropy and compact, Hausdorff quotient, in some (and then A quotient stack is one presentable as a groupoid G × X ⇉ X, for the continuous action of a compact Lie group G on a Hausdorff space X; we denote it by X : G. To simplify arguments, we shall insist that the group action should have contractible slices (cf. the proof of 4.5), although we suspect this restriction to be unnecessary. A local-quotient stack is one admitting an open cover by quotient stacks.
(C.3) Universal Hilbert bundle.
A Hilbert bundle over a groupoid X • is a locally-trivial, separable Hilbert bundle over X 0 , with an isomorphism between its two pull-backs to X 1 , is associative over the groupoid law. Such bundles are classified by a morphism of groupoids from an open cover of X • to the group U, in the strong topology. Descent ensures that covering equivalent groupoids carry equivalent categories of Hilbert bundles. In this sense, we can speak of Hilbert bundles over a stack X, and they are classified by morphisms to the stack BU.
A Hilbert bundle which contains an isomorphic copy of every other Hilbert bundle as a summand is called universal. A universal bundle H has the stronger absorption property H ∼ = H ⊕ H ′ for any other Hilbert bundle H ′ ; thus, it is unique up to isomorphism, if it exists. Absorption is first shown for H ⊗ ℓ 2 , by splitting H as H ′ ⊕ H ′′ and shifting the order of summation,
The defining property splits H into H ⊗ ℓ 2 and a complement, which can then be absorbed into H ⊗ ℓ 2 , showing that the latter is isomorphic to H. We shall say that the universal bundle is local if its restriction to any open sub-stack is also universal. If our stack is equivalent to a space, any (infinite-dimensional) Hilbert bundle is trivial, and so the universal bundle is trivial and local. More generally, for quotient stacks X : G, the G-bundle with fibre ℓ 2 ⊗ L 2 (G) is universal. The key to the construction of the K-groups is the following proposition.
C.4 Proposition. The universal Hilbert bundle H exists, and is local, over any local-quotient stack. Its group of unitary automorphisms is weakly contractible.
Proof. On any G-Hilbert space, the invariant unitary operators form the product of unitary groups on the isotypical summands. This and a slice argument imply contractibility of the space of G-maps from a space X to U(H), if H contains L 2 (G) infinitely often. Such a space H leads to a Hilbert bundle over the stack X : G, whose global automorphisms are sections, over the quotient space [X : G] , of the sheaf of local automorphisms, whose sections over small open sets we saw to be contractible. Thus, the global automorphism group is contractible.
Local contractibility implies that we can patch together the local universal bundles, over open quotient sub-stacks of X, to produce a global Hilbert bundle, and the result is unique up to isomorphism. Universality of the global bundle follows from the local universality and the uniqueness the patched bundle. ♠ (C.5) K-theory. To a Hilbert space one can assign a classifying spectrum 25 for K-theory. This is sufficiently functorial that any Hilbert bundle will give a bundle of K-theory spectra. The K 0 -group of a stack can be defined as the space of sections of various unitary bundles, modulo homotopy and stabilisation. However, we are only able to show the resulting theory to be well-behaved in the special case of local-quotients. We define the group K −n of a local-quotient stack X as π n of the space of sections of the bundle of K-spectra for the universal Hilbert bundle H. We call this the universal K-bundle. The absorption property of H ensures the agreement with the definition above, while its locality leads to the important Mayer-Vietoris property with respect to coverings by open sub-stacks. From here, all the expected properties of K * can be reduced to the "local" case of quotient stacks by patching arguments. 25 The obvious choice of Fredholm endomorphisms does not quite work, because the unitary group U, in the strong topology we use to define Hilbert bundles, does not act continuously on Fredholms in their norm topology. See [AS, S2] for a full discussion of the problem and its solution. For example, the unitaries of the form 1 + compact, in the norm topology, are a good classifying space for K 1 .
Proof. (Sketch) Pull-backs are defined by stabilising the pulled-back universal bundle into the universal one on the source. The Mayer-Vietoris condition asserts that K * (X) is the homotopy limit of the diagram of K-spectra for an open cover, and this is quite evident from the construction as a space of continuous sections. Gysin maps are defined locally, in the equivariant setting, and assemble thanks to the patching construction of H. ♠ C.7 Remark. We have defined, in §4, co-cycles for the twisted K-groups of a stack using Segal's Fredholm complexes. For local-quotient stacks, the arguments of [S2] , plus locality of the universal bundle show that such complexes give K-classes in the new definition.
(C.8) Twisted K-theory. Twistings over a groupoid were defined in §4 as central extensions by T of some covering-equivalent groupoid (possibly graded). It is now clear what twistings are over a stack X. They are classified, up to isomorphism, by an abelian group, which is an extension of H 1 (X; Z/2) by H 2 (X; T). If X is a local-quotient stack, a standard local-to-global argument identifies H 2 with H 3 (X; Z), via the exponential sequence. The above discussion of the universal bundle can be "projectivised" with respect to a central extension τ X of X, leading to a definition of τ -twisted K-theory. However, we can use the following shortcut, in which the twisting evaporates. Note that τ X is itself a stack, of local-quotient type if X was so. Its K-groups were defined above. Now, the universal Hilbert bundle is graded by the characters of the central circle, and, in any good model for the universal K-bundle, its invariant sections decompose as a product of the K-spectra for the graded summands.
C.9 Definition. The twisted K-groups τ K * (X) are the degree 1 summands in K * ( τ X) in the grading defined by the T-action.
(C.10) We conclude with an application of the notion of universal Hilbert bundle. It is known that the K-theory of a compact space, defined by the representing spectrum, is correctly computed from the category of finite-dimensional vector bundles. The same is true for equivariant K-theory under a compact group action. In both cases, this is a simple consequence of the splitting of the universal Hilbert bundle into finite-dimensional ones; and indeed, one is not inclined to expect finite-dimensional representatives for all K-classes without such a splitting. As the following proposition shows, this splitting is not always present.
C.11 Proposition. The universal Hilbert bundle over a compact, local-quotient stack, splits into a sum of finite-dimensional bundles iff the stack is a global quotient by a compact group. C.12 Remark. (i) This implies right away that the "gerbes" (T-central extensions) with nontorsion Dixmier-Douady invariants in H 3 are not quotient stacks: indeed, any 1-eigen-bundle for the centre is a projective bundle representative for the twisting, and hence must be infinitedimensional.
(ii) There are simpler obstructions to a stack being a global quotient by a compact group; for instance, such quotients admit global Ad-invariant, fibre-wise integral metrics on the Lie algebra stabilisers. The stack obtained by gluing the boundaries of B(T × T) × [0, 1] via the shearing automorphism of T × T does not carry such metrics. The same is true for the quotient stack A: T ⋉ LT for a torus T, which is fibred over T in B(T × T)-stacks with the tautological shearing holonomies. Hence, the larger stacks A : T ⋉ LG of §14 are not quotients either. (iii) The result is curiously similar to Totaro's characterisation of quotient stacks as the Artin stacks where coherent sheaves admit resolutions by vector bundles [To] .
Proof. The 'if' part follows from our construction of the universal Hilbert bundle. For the converse, note that a rank d hermitian vector bundle V → X realises X as a quotient of the frame bundle stack by U(d). More precisely, a groupoid X • presenting X leads to a presentation U(d) × F 1 ⇉ F 0 of the same, from the frame bundle F • over X • . We seek a vector bundle whose frame bundle is a space; in other words, F 1 ⇉ F 0 is an embedding, with quotient stack equivalent to the quotient space [F] ; if so, X is equivalent to [F] : H.
For a quotient stack X : G by a Lie group, such bundles are readily produced from faithful representations of G and the associated vector bundle on X : G. If G is a more general compact group, we can use instead a product of finite-dimensional hermitian bundles, with the product topology on the product of unitary groups. Note that we can always embed the sum of these representations within the universal Hilbert bundle.
Applying this construction to a finite-dimensional decomposition of the universal Hilbert bundle, with the block-diagonal frame bundle F • and structure group U in the product topology, gives a presentation of X as the quotient by U of the quotient space [ F • ]; the equivalence of F • with its quotient space follows locally, from the quotient case. ♠ C.13 Remark. If X is finitely covered by Lie group quotients, we can faithfully represent all stabilisers on finite number of summands in H, and the stack is a quotient by a Lie group.
